In this article, a parameter-uniform numerical method is presented to solve one-dimensional singularly perturbed parabolic convection-diffusion multiple turning point problems exhibiting two exponential boundary layers. We study the asymptotic behaviour of the solution and its partial derivatives. The problem is discretized using the implicit Euler method for time discretization on a uniform mesh and a hybrid scheme for spatial discretization on a generalized Shishkin mesh. The scheme is shown to be ε-uniformly convergent of order one in time direction and order two in spatial direction upto a logarithmic factor. Numerical experiments are conducted to validate the theoretical results. Comparison is done with upwind scheme on uniform mesh as well as on standard Shishkin mesh to demonstrate the higher order accuracy of the proposed scheme.
Introduction
Singularly perturbed differential equations are model equations for convection-diffusion processes in various physical phenomena and engineering problems, such as heat and mass transport problem with high Peclet numbers, fluid flow at high Reynolds numbers, the drift-diffusion equation in the modeling of semiconductor devices, financial mathematics, quantum physics, etc. A singularly perturbed equation contains a small parameter ε multiplied with the highest derivative term. The solution of these problems changes rapidly in a thin region as ε approaches zero. These layer regions are referred to as boundary layers in fluid mechanics, shock layers in fluid and solid mechanics, edge layers in solid mechanics, transition points in quantum mechanics, skin layers in electrical applications and Stokes lines and surfaces in mathematics. Classical numerical methods fail to capture the behaviour of the solution of the singularly perturbed problems. In order to overcome this difficulty, various special methods based on the fitted mesh and fitted operator technique have been adopted in literature. For more details one may refer to [2, 9, 12] . In this article, we consider the following class of singularly perturbed parabolic problems on a rectangular domain Q with degenerating convective term L ε u(x, t) = f (x, t), (x, t) ∈ Q = Ω x × Ω t , (1.1)
u(x, t) = g(x, t), (x, t) ∈ S,
where L ε u(x, t) = ε ∂ 2 ∂x 2 + a(x, t) ∂ ∂x − d(x, t) ∂ ∂t − b(x, t) u(x, t), 0 < ε ≪ 1, S = Q\Q, Ω x = (−1, 1) and Ω t = (0, T ]. The coefficients a(x, t), b(x, t), d(x, t) and f (x, t) are sufficiently smooth functions such that a(x, t) = −a 0 (x, t)x p , p ≥ 1 is a non-negative odd integer, for (x, t) ∈ Q, a 0 (x, t) ≥ α 0 > 0, for (x, t) ∈ Q, b(x, t) ≥ β > 0, for (x, t) ∈ Q, d(x, t) ≥ γ ≥ 0, for (x, t) ∈ Q.
(1.
3)
The set Q R and Q L are defined as 3) for our analysis. The assumed compatibility conditions will ensure the existence of the unique solution u(x, t) of the problem (1.1)-(1.3) which belongs to C(Q) ∩ (C 4+λ,2+λ/2 (Q L ) ∪ C 4+λ,2+λ/2 (Q R )), where λ ∈ (0, 1). The problem (1.1)-(1.3) is an interior turning point problem. For p > 1, the problem (1.1)-(1.3) has multiple turning point. Singularly perturbed turning point problems arise in the mathematical modeling of various physical phenomenon. Interior turning point problems are convection-diffusion problems with a dominant convective term and a speed field that changes its sign in catch basin. The characteristic curves of the reduced problem are parallel to the boundaries S r and S l . The solution of the problem possesses parabolic boundary layers in the neighborhood of S l and S r . The singularly perturbed ordinary differential equation with a simple turning point exhibiting twin boundary layers has been extensively studied by many authors [1, 3, 4, 5, 6, 7, 10] . Kadalbajoo et al. [6] constructed a second-order accurate numerical method based on cubic splines with a non-uniform grid to solve a singularly perturbed two point boundary value problem with a turning point exhibiting twin boundary layers. Natesan et al. [10] proposed a fitted mesh method to approximate the solution of the singularly perturbed one dimensional simple turning point problem exhibiting twin boundary layers. The authors proved that the proposed method is parameter uniform with first-order accuracy. Kadalbajoo et al. [5] used B-spline collocation method on a piecewise-uniform Shishkin mesh to approximate the solution of singularly perturbed two-point boundary value problems with interior simple turning point exhibiting twin boundary layers. The method is second-order accurate in the maximum norm. Further, Kadalbajoo et al. [4] examined a stiff singularly perturbed boundary value problem with simple interior turning point having two boundary layers. The authors constructed a fitted operator finite difference scheme of Il'in type using cubic splines, collocation and an artificial viscosity. The reproducing kernel method along with the method of scaling was examined by Geng et al. [3] to solve the singularly perturbed turning point problem with twin boundary layers. Becher et al. [1] considered the singularly perturbed turning point problem with two boundary layers. The authors applied Richardson extrapolation method on classical finite difference scheme with piecewise uniform Shishkin mesh to improve the order of convergence from O(N −1 log N ) to O(N −2 log 2 N ). In a recent paper, Devendra [7] considered the singularly perturbed two point boundary value problem with interior turning point. The author discussed both the cases, one in which the solution exhibit interior layer and the other when twin boundary layers are present in the solution. The numerical method used to approximate the solution of the problem comprised of quintic B-spline collocation method on appropriate piecewise uniform Shishkin mesh. For singularly perturbed two-point boundary value problem with multiple interior turning point one can refer to [13] . In this article, we extend the study of singularly perturbed turning point problems exhibiting twin boundary layers to time dependent case. To the best of our knowledge, no paper have analysed the twin boundary layers occurring due to interior multiple turning point for singularly perturbed parabolic convection-diffusion problem. In general, the numerical treatment of turning point problems are more difficult than the non-turning point problems because the convection coefficient vanishes inside the domain. In addition, developing a higher order scheme for such problems is of great importance in the field of numerical analysis. In the process, we develop a scheme which comprises of implicit Euler method for time discretization on uniform mesh and a hybrid scheme for spatial discretization on a generalized Shishkin mesh. It is observed that the standard central difference scheme is stable in maximum norm for sufficiently small step size i.e. when h ≤ Cε and the midpoint upwind scheme is of second order convergent outside the layer region. Therefore, we develop the hybrid scheme in such a way that the central difference scheme is applied on the set of indices where it is stable otherwise midpoint upwind scheme is applied. The proposed scheme is parameter uniform with first-order accuracy in time variable and almost second-order accuracy in space variable. The article is organized as follows: In Section 2, we provide a priori bounds on the derivatives of the solution of the considered problem and also obtain sharper bounds via decomposing the solution into regular and singular components. In Section 3, we construct a generalized piecewise uniform Shishkin mesh and propose a scheme to discretize the considered problem. Also, we discuss the stability of the proposed scheme on the generalized Shishkin mesh. Further, in Section 4, we study and analyse the proposed scheme to prove the ε-uniform convergence of order O(∆t + N −2 L 2 ), where L ∼ log N . In Section 5, the accuracy of the proposed scheme is demonstrated by conducting and discussing the numerical experiments via tables and graphs. Finally, we end this article with some conclusions given in Section 6.
Notations: Throughout this article, we use C as a generic positive constant independent of ε and of the mesh parameters. All the functions defined on the domain Q are measured in supremum norm, denoted by
Analytical Results
In this section, the analytical aspects of the solution of the problem (1.1)-(1.3) and its derivatives are studied. The bounds on the solution of the problem (1.1)-(1.3) and its derivatives are derived. The operator L ε satisfies the following minimum principle Lemma 2.1 (Minimum principle). Let v be a smooth function satisfying L ε v(x, t) ≤ 0, for (x, t) ∈ Q and v(x, t) ≥ 0, for (x, t) ∈ S, then v(x, t) ≥ 0, for (x, t) ∈ Q.
Proof. The proof easily follows from [11] .
Using the above minimum principle it can be proved that the solution of the problem (1.1)-(1.3) satisfies the following stability estimate. 
Proof. Defining the following barrier functions
and using the minimum principle we can obtain the required estimate.
Now, we will derive the coarse bounds for the derivatives of the solution u(x, t) of the problem (1.1)-(1.3) on the domains Q L and Q R . We will write down the compatibility conditions which will ensure the existence of the unique solution u(x, t)
The compatibility conditions for the derivatives ∂ k 0 u(x, t)/∂t k 0 , 2k 0 ≤ K on the set of the corner points, e.g., for the case when the initial condition g(x, 0) and its derivatives vanish on the set S c = (S r ∪ S l ) ∩ S x (the set of corner points (−1, 0) and (1, 0)) and S c 0 = S 0 ∩ S x (the point (0, 0), is the left corner point of the domain Q R and right corner point of the domain Q L ) are defined as
where l > 0 is even. By virtue of the conditions (2.1), we have
Thus, at the point (0, 0) the compatibility conditions for the derivatives of t upto order K/2 are satisfied, where K = l. The compatibility conditions in the corners points of the domains Q R and Q L are fulfilled by the conditions (2.1) and (2.2), which are sufficient for u(x, t)
and the compatibility conditions (2.1) are fulfilled for K = 4. Then, the solution u(x, t) of the problem (1.1)-(1.3) is such that for all non-negative integers i, j, 0 ≤ i + 2j ≤ 4, we have
Proof. We first consider the subdomain Q R = (0, 1) × (0, T ]. We handle the layer at x = 1 by taking the stretched variable ξ = 1 − x ε . Then, the transformed operator L ε defined as
is not singularly perturbed. Here, we get Q R = (0, 1/ε) × (0, T ], S R = Q R \ Q R and u(ξ, t) = u(x, t) and similarly the variables a, b, d and f are defined. Now, for each ζ ∈ (0, 1/ε) and each δ > 0, we will define a rectangular neighborhood R ζ,δ as ((ζ − δ, ζ + δ) × (0, T ]) ∩ Q R and R ζ,δ is the closure of R ζ,δ in the (ξ, t)-plane. Using the estimate (10.5) from [8] , for each point (ζ, t) ∈ Q R , we get
where C is independent of the domain R ζ,δ . Then the above bounds hold for any point (ζ, t) ∈ Q R . Returning to the original variable x, we get
Applying Lemma 2.1, we get the desired estimate on the domain Q R . The similar estimate can be obtained on the domain Q L , analogously. Hence, we obtain the desired estimate.
Remark: From the above Theorem 2.1 we can easily conclude that |u t | ≤ C and |u tt | ≤ C. Hereinafter, we will divide the domain
, for some δ lying in the set (0, 1). Before proving the next theorem, we define an operator
where
Noticing that q j (0, t) = b(0, t) > 0, we can conclude that there exist a positive integer q * > 0 such that
The operator L j satisfies the minimum principle on Q 2 .
Theorem 2.2. For all non-negative integers 0 ≤ i + 2j ≤ 4, we have
Proof. Firstly, we will prove
Using the bound |u t | ≤ C and Lemma 2.2, we get
The inequalities (2.4), (2.5) and (2.6) together with the fact that L 1 satisfies minimum principle on Q 2 , gives
Now, we will prove |u xt | ≤ C. Differentiating eqn. (1.1) w.r.t t, we get
Without loss of generality we can chose b to be so large that (b + d t ) > 0, as (b + d t ) > 0 can always be obtained by a preliminary change of variable. As a result, the operator L satisfies the minimum principle. We will define a new operator L 1 which is same as the operator L 1 with b replaced by b + d t and f replaced by f t − a t u x + b t u. Using the fact that the operator L 1 satisfies minimum principle and following the arguments used in proving the estimate (2.7), we can show |w x | ≤ C i.e. |u xt | ≤ C. The estimate for higher derivatives can be obtained on similar lines.
For the error analysis of the proposed numerical scheme we require sharper bounds on the exact solution u(x, t) of the problem (1.1)-(1.3) and its derivatives. Therefore, we decompose the exact solution u(x, t) into regular component y(x, t) and singular component z(x, t) as:
The data of the problem (1.1)-(1.3) is assumed to satisfy,
Also, the following compatibility conditions are imposed on the functions g(x, t) and f (x, t), for (x, t) ∈ S c ∪ S c 0 ,
Theorem 2.3. Assuming sufficient smoothness and compatibility conditions (2.8)-(2.9) at the corner points, for K = l * 0 = 4, the smooth component y(x, t) and the singular component z(x, t) satisfies
where α is some constant from (0, α 0 ).
Proof. Firstly, we will obtain the bounds on the subdomains Q 1 and Q 3 . The regular component y(x, t) is further expanded in terms of ε as:
where y 0 (x, t), y 1 (x, t) and y 2 (x, t) satisfies the following non-homogeneous hyperbolic equations: 13) and the residue term r(x, t) satisfy
(2.14)
The regular component y(x, t) satisfies the following problem
By virtue of the conditions (2.8) and (2.9), the data of the problem (2.15) are assumed to be sufficiently Smooth and appropriate compatibility conditions for the data of the problems (2.11)-(2.15) are fulfilled on the sets S c and S c 0 for the desired smoothness of the components of the expansion (2.10) and to guarantee the inclusion y(x, t) ∈ C K+λ,K/2+λ/2 (Q 1 ∪ Q 3 ), K = 4. Since y 0 , y 1 and y 2 are solutions of first order hyperbolic equations (2.11)-(2.13) whose coefficients are bounded under sufficient compatibility conditions (2.9), for all non-negative integers i, j such that 0 ≤ i + 2j ≤ 4, we get
As the problem (2.14) is similar to the problem (1.1)-(1.3), we can use Theorem 2.1 to obtain the following estimate
Using the estimates (2.16)-(2.17) and the expansion (2.10), we get
The singular component satisfies the following homogeneous initial value problem:
Firstly, we will obtain the bounds on the singular component z(x, t) and its derivatives on the domain Q 1 . Let us denote the left singular component by z l (x, t), where z l (x, t) = z(x, t), (x, t) ∈ Q 1 . We construct two barrier functions :
and it can be easily verified that
Since, a 0 (x, t) ≥ α 0 > 0, we can always choose δ in such a way that α 0 δ p ≥ α. Hence, we can conclude that L ε Ψ ± (x, t) ≤ 0. Using Lemma 2.1, we get Ψ ± (x, t) ≥ 0 and hence
Using the approach of Theorem 2.1, we can show
Using estimate (2.18), we get
Next, the right singular component z r (x, t), where z r (x, t) = z(x, t), (x, t) ∈ Q 3 , and its derivatives on the domain Q 3 can be handled analogously. Hence, we obtain the following estimate
The Theorem 2.2 guarantees that the solution of the problem (1.1)-(1.3) and its derivatives are smooth in the domain Q 2 . Hence, the desired estimates hold.
Discrete Problem
In this section, a numerical method is proposed on an appropriate piecewise uniform Shishkin mesh to solve the problem (1.1)-(1.3) numerically. The proposed numerical method consists of implicit Euler method on a uniform mesh to discretize in time variable and a combination of midpoint upwind scheme and central difference scheme on a generalized piecewise uniform Shishkin mesh condensing in the neighborhood of the layer regions to discretize the space variable.
Piecewise uniform generalized Shishkin mesh
We take M and N as the number of intervals in time and space direction, respectively. We construct a rectangular grid defined as Q 
The transition parameter τ is defined as
. For τ = 1/4, uniform mesh is obtained.
The finite difference scheme
Before moving on to the scheme, we define the following finite-difference operators
∆t ,
Here, U n i±1/2 is defined as
The proposed scheme is a combination of the central difference scheme
and the midpoint upwind scheme
Define a set I = {i ∈ {1, . . . , N − 1} : |a i h i | < 2ε}, where central difference discretization is stable. We define the discrete problem corresponding to the problem (1.1)-(1.3) as
Also,
On rearranging the terms in eqn. (3.2), we obtain the following system of equations
Here, for i ∈ I and 1 ≤ i ≤ N − 1, the coefficients of the system of equations (3.4) are given by
where for i / ∈ I and N/2 + 1 ≤ i ≤ N − 1, the coefficients of the system of equations (3.4) are given by 6) and for i / ∈ I and 1 ≤ i ≤ N/2, the coefficients of the system of equations (3.4) are given by
In the next lemma, we will prove that the tridiagonal matrix corresponding to the system (3.4) is an M-matrix. For this lemma we define a positive integer, κ ≥ α/2 > 0. We know that a(x N/2+1 , t n ) < 0 and a(x N/2−1 , t n ) > 0. Also, a 0 (x, t) ≥ α 0 > 0, so there exists a constant κ > 0 such that |a(x i , t n )| ≥ κ > 0, for i > N/2 and i < N/2.
Lemma 3.1. Assume that there exists some
8)
such that for all N ≥ N 0 , the tridiagonal matrix corresponding to difference operator (3.4) is an M-matrix.
Proof. Firstly, we will consider the case of a(x, t) ≥ 0 i.e (x, t) ∈ (−1, 0] × (0, T ]. For i ∈ I, we have |a i h i | < 2ε, which gives
Using (3.5), we get 
Proof. Using the barrier function
and the discrete minimum principle we obtain the desired estimate.
Convergence Analysis
In this section, we separately prove the error bounds for the regular and the singular components. The ε-uniform error estimate is obtained by combining the error bounds for the regular and singular components.
Lemma 4.1. Let v(x, t) be a smooth function defined on the domain Q and v n i = v(x i , t n ) be the corresponding discrete function on Q N,M τ . Then the local truncation error at the mesh points (x i , t n ) corresponding to the discrete scheme L
Proof. The proof of the above lemma follows easily from the Taylor's series expansion.
The next two lemmas provide certain barrier functions which will be required to prove the ε-uniform error estimates on the singular component. We construct the following barrier functions:
, f or i = 0, . . . , N/4,
, f or i = N/4, . . . , N/2, (4.1)
, f or i = N/2, . . . , 3N/4,
, f or i = 3N/4, . . . , N. where
On simplifying the eqn. (4.3), we obtain
Since, a n i < 0 for i > N/2, we get
For N/2 + 1 ≤ i ≤ 3N/4, whether i ∈ I or i / ∈ I we can easily get
The result for L N,M εBi can be established analogously.
Lemma 4.3. The discrete barrier functionsB i andB i satisfy the following estimates
, and
Proof. To prove the estimates (i) and (ii) one mainly uses the inequalities e −t ≤ (1 + t) −1 and (1 + t) −1 ≤ e t+t 2 , respectively, where t ≥ 0. For more details one can refer to [ [1] , Appendix].
We will split the discrete problem (3.2)-(3.3) into left and right discrete problems centred around x N/2 = 0. The problems are defined as
To obtain ε-uniform error estimates, we decompose each U L\R into a regular components Y L\R and a singular components Z L\R as 6) where the discrete left and right regular components Y L (x i , t n ) and Y R (x i , t n ), respectively, are the solutions of the problems
and
The discrete left and right singular components Z L and Z R , respectively, are the solutions of the problems 9) and
(4.10)
Lemma 4.4 (Error estimate for the regular component). Under the assumptions (3.8), the following error estimate is satisfied by the smooth component at each mesh points
Proof. Firstly, the result is deduced for the right regular component Y R . We will consider two cases depending upon the relationship between ε and N .
Case I: When ε > a ∞ /N . In this case we have |a i h i | < 2ε, for all i ∈ {N/2 + 1, . . . , N − 1} which implies the set {N/2 + 1, . . . , N − 1} ⊆ I. We get
Using the fact that h i+1 + h i ≤ 2N −1 , for all i and the bounds on the derivatives of y given in Theorem 2.3, we get
Applying Lemma 3.3, we can obtain
Case II: When ε ≤ a ∞ /N . In this case the truncation error associated with the smooth component for i > N/2 is given by
Applying the bounds given in Theorem 2.3 and using the fact that h i+1 + h i ≤ 2N −1 and ε ≤ CN −1 , we obtain
Now, using the Lemma 3.3, we get
Similarly, for i ≤ N/2, we can show
Combining eqns. (4.12)-(4.13), we get
Lemma 4.5 (Error estimates for the singular component). Under the assumption (3.8), the following error estimate is satisfied by the singular component Z(
Proof. Firstly, consider the right boundary layer component Z R . To start with, we first compute the error in the outer region [0, 1 − τ ] × (0, T ] and then, we analyse the error in the inner region
In the outer region, both Z R and z r are small irrespective of the fact whether i ∈ I or i / ∈ I. So, we use the following barrier functions
14)
where C = |z r (x N , t n )|. Using Lemma 4.2, we get
Also, Φ n,± R,N/2 ≥ 0 and Φ 0,± R,i ≥ 0, for N/2 ≤ i ≤ N, n∆t ≤ T , and Φ n,± R,N = C ± Z R (x N , t n ) ≥ 0, n∆t ≤ T .Using discrete minimum principle, we get 
From Theorem 2.3 and Lemma 4.3, we obtain
Using (4.16) and (4.17), we can obtain the following bound in the outer region [0, 1 
Under the assumption 2τ 0 a Q < N 0 ln N 0 , we have αh/ε < 2. Also, we know that sinh ξ ≤ Cξ, for 0 ≤ ξ ≤ 2, so we have sinh αh ε ≤ C αh ε .
From inequality (4.20), we get
Using Lemma 4.3, we get
From inequality (4.18), we get
Using the estimate given in eqn. (4.21), we construct the following barrier functions
It can be observed that ψ ± (x i , t n ) ≥ 0 at the points (x 3N/4 , t n ), (x N , t n ) and (x i , t 0 ) in S N,M . Using Lemma 4.2 and eqn. (4.21), we get
On using the discrete minimum principle, we get the following estimate
On similar lines we can show the following error bound for left singular component Z L in the inner region [−1,
Combining the error estimates for the regular and the singular components, Y (x i , t n ) and Z(x i , t n ), respectively, we can obtain the error estimate for the discrete solution U (x i , t n ) of the problem (3.2)-(3.3) at each mesh points (x i , t n ) ∈ Q N,M τ . Theorem 4.1. Let u(x i , t n ) be the exact solution of the problem (1.1)-(1.3) and U (x i , t n ) be the discrete solution of the problem (3.2)-(3.3) at each mesh points (x i , t n ) ∈ Q N,M τ . Then, for N ≥ N 0 with the assumption (3.8), we have
Numerical Examples and results
In this section, numerical experiments are conducted on two examples to show the efficiency and applicability of the proposed scheme. The numerical results demonstrate the high accuracy and convergence rate of the proposed finite difference scheme as compared to the upwind scheme on uniform mesh as well as upwind scheme on Shishkin mesh. 
Since the analytical solutions of the considered problems are not known, the double mesh principle is used to estimate the maximum pointwise error as follows:
The corresponding order of convergence q N,M ε is computed as
Also, the ε-uniform maximum point-wise error E N,M is computed as
, and the corresponding ε-uniform order of convergence q N,M is given by
The maximum pointwise error E N,M ε and the order of convergence q N,M ε are computed in Tables  1-6 for Problems 1 and 2, corresponding to different values of ε and N . The numerical solutions, errors and loglog plots are given in Figures 1-3 for Problems 1 and 2. Tables 1 and 3 display the results computed using upwind scheme on uniform mesh and piecewise uniform Shishkin mesh for Problems 1 and 2, respectively. From Tables 1 and 3 , we can see that the numerical method on the uniform mesh is not ε-uniformly convergent. It is clearly evident that the upwind scheme on Shishkin mesh is ε-uniformly convergent with almost first-order accuracy. Tables 2 and 4 display the results computed using the hybrid scheme on the generalized Shishkin mesh for Problems 1 and 2, respectively. The results clearly showcase the ε-uniform convergence of the proposed numerical scheme. Table 4 does not clearly reflect the actual theoretical order of convergence of the proposed hybrid scheme (3.2) in space as proved in Theorem 4.1 due to first order accuracy in time direction. To justify the spatial order of convergence we conduct the numerical experiments by taking M = N 2 and display the maximum pointwise errors E N,M ε and the corresponding order of convergence q N,M ε in Table 5 . In Table 6 , the ε-uniform maximum pointwise error E N,M and the corresponding order of convergence q N,M are tabulated to show that the proposed numerical scheme works equally well for different values of p. In Figure 1 , the surface plots corresponding to Problems 1 and 2 are displayed which clearly shows that the solutions of the problems exhibit twin boundary layers. The higher efficiency of the proposed hybrid scheme compared to the upwind scheme is showcased in Figures 2 and 3 for Problems 1 and 2, respectively.
Conclusions
A singularly perturbed parabolic convection-diffusion problem with multiple interior turning point exhibiting twin exponential boundary layers is examined. Analytical aspects of the problem are studied via obtaining theoretical bounds on the solution of the problem and its derivatives. A higher order numerical method is constructed comprising of implicit Euler method for the temporal discretization on uniform mesh and a hybrid numerical scheme on the generalized Shishkin mesh for the spatial discretization. The proposed method is ε-uniformly convergent of order one in the time variable and almost order two in the space variable. Further, numerical experiments are conducted to investigate the performance of the proposed scheme. The numerical results tabulated and the plots displayed clearly demonstrate the higher accuracy of the proposed hybrid scheme on the generalized Shishkin as compared to the simple upwind scheme on the uniform mesh as well as on the standard Shishkin mesh. The results obtained are in good agreement with the theoretical results. 1.31600e-02 4.59802e-03 Table 6 : The ε-uniform maximum pointwise errors E N,M and the corresponding order of convergence q N,M for the Problem 2 using the hybrid scheme on the generalized Shishkin mesh with M = N 2 corresponding to different values of p.
p ↓ N = 32 N = 64 N = 128 N = 256 N = 512 1 1.98574e-02 6.82102e-03 2.28059e-03 7.71391e-04 2.44092e-04 1.54162e+00 1.58058e+00 1.56387e+00 1.66004e+00 5
1.98574e-02 6.82101e-03 2.28059e-03 7.81153e-04 2.44092e-04 1.54162e+00 1.58058e+00 1.54573e+00 1.67818e+00 7
2.29690e-02 6.82101e-03 2.28059e-03 8.06812e-04 2.44092e-04 1.75163e+00 1.58058e+00 1.49910e+00 1.72481e+00 9
3.19970e-02 6.82101e-03 2.28059e-03 8.52480e-04 2.44091e-04 2.22988e+00 1.58058e+00 1.41967e+00 1.80424e+00
